Abstract. -We deals with nonlinear elliptic Dirichlet problems of the form
Abstract. -We deals with nonlinear elliptic Dirichlet problems of the form div(|Du| p−2 Du) + f (u) = 0 in Ω,
where Ω is a bounded domain in R n , n ≥ 2, p > 1 and f has supercritical growth from the viewpoint of Sobolev embedding. Our aim is to show that there exist bounded contractible non star-shaped domains Ω, arbitrarily close to domains with nontrivial topology, such that the problem does not have nontrivial solutions. For example, we prove that if n = 2, 1 < p < 2, f (u) = |u| q−2 u with q > 2p 2−p and Ω = {(ρ cos θ, ρ sin θ) : |θ| < α, |ρ − 1| < s} with 0 < α < π and 0 < s < 1, then for all q > 2p 2−p there existss > 0 such that the problem has only the trivial solution u ≡ 0 for all α ∈ (0, π) and s ∈ (0,s).
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Introduction
Let us consider the Dirichlet problem
where Ω is a bounded domain of R n , n ≥ 2 and p > 1. It is well known that if the function f : R → R has critical or supercritical growth from the viewpoint of the Sobolev embedding H 1,p 0 ֒→ L q (Ω), the usual methods to find solutions of this problem do not work (see for instance [3] ). For example, if 1 < p < n and f (t) = |t| q−2 t with q ≥ np n−p (the critical Sobolev exponent), then the existence of nontrivial solutions to problem
is strictly related to the shape of Ω. If Ω is star-shaped, problem (1.2) has only the trivial solution u ≡ 0, as a consequence of a Pohozaev type identity (see [26] ). On the other hand, if Ω is an annulus, one can easily find infinitely many radial solutions (as pointed out by Kazdan and Werner in [9] ). Hence, many researches have been devoted to study the effect of the domain shape on the existence of nontrivial solutions for problem (1.2), following some stimulating questions posed by Brezis, Nirenberg, Rabinowitz, etc. . . . (see [2] ). In particular, the case where p = 2, n ≥ 3, q ≥ and Ω has nontrivial topology, in the sense that some homology group is nontrivial (see also [5, 28] , concerning the case of domains with small holes). Notice that for q > 2n n−2 the condition that Ω has nontrivial topology is neither sufficient nor necessary to guarantee the existence of nontrivial solution. In fact (answering a question posed by Rabinowitz) the second author proved in [19, 22] that there exist exponents q > 2n n−2 and nontrivial domains Ω ⊂ R n with n ≥ 3 such that the problem
has only the trivial solution u ≡ 0. Moreover, for all q ≥ 2n n−2 there exist contractible domains Ω ⊂ R n with n ≥ 3 such that problem (1.3) has positive and sign-changing solutions (see [6, 8, 10, 11, 13, 14, 16-18, 20, 21, 24, 25] and the references therein). More precisely, for all α ∈ (0, π) and s ∈ (0, 1), let us consider for example the piecewise smooth contractible domain Ω of the form
where
Then, the following assertions hold for problem (1.3) with Ω = Ω α,s n and n ≥ 3:
there existsε q > 0 such that, if π −ε q < α < π, then problem (1.3) has positive and sign changing solutions; moreover, for q > 2n n−2 , the number of solutions tends to infinity as α → π (see [12-14, 16, 18, 21, 24, 25] , etc. . . . );
• [10, 12] , etc. . . . ).
These results (that have been stimulated by an interesting question posed by Brezis in [2] ) show that, even if the Pohozaev nonexistence result can be extended to non star-shaped domains (see [4, 7] and also [15, 23, 27] for related phenomena), it cannot be extended to all contractible domains when p = 2 and n ≥ 3. The nonexistence result obtained in the present paper, on the contrary, suggests that the situation is quite different if n = 2 and 1 < p < 2. In fact, as a direct consequence of Theorem 2.4, we have the following proposition. Since, for all s ∈ (0,s), the domain Ω α,s 2 is contractible for all α ∈ (0, π), is star-shaped for α small enough and is close to a domain with nontrivial topology when α is close to π, Proposition 1.1 suggests the following natural question (analogous to the well known one posed by Brezis in [2] ): if n = 2 and 1 < p < 2, can one extend Pohozaev's nonexistence result for star-shaped domains to all the contractible domains of R 2 ? The nonexistence result presented in this paper suggests that this question might have a positive answer.
Integral identity and nonexistence result
The following lemma generalizes Pohozaev identity.
Lemma 2.1
Let Ω be a piecewise smooth bounded domain in R n , n ≥ 2 and p > 1.
, the function u satisfies the integral identity
2) where ν denotes the outward normal to ∂Ω, dv
Proof In order to prove (2.2) it suffices to apply the Gauss-Green formula to the function (v · Du)|Du| p−2 Du. Thus, we obtain
Since u ≡ 0 on ∂Ω, we have Du = (Du · ν) ν and, as a consequence,
Moreover, since u solves equation (2.1), = {(ρ cos θ, ρ sin θ) ∈ R 2 : |θ| < α, |ρ − 1| < s} let us consider the vector field v ∈ C 1 (Ω α,s
where ξ N = ξ 1 cos θ + ξ 2 sin θ and ξ T = −ξ 1 sin θ + ξ 2 cos θ. (1 − s, 1 + s) ). Now, we can prove a nonexistence result for nontrivial solutions in the domain Ω α,s
